A new method of localized structural health monitoring is presented, which utilizes an invariance property of transmission zeros of localized transfer functions. The present localized transfer functions are obtained by transforming the partitioned dynamic flexibility matrix in terms of elemental or substructural strains and their conjugate input forces. Health monitoring is thus accomplished via monitoring of the transmission zeros of localized dynamic flexibility matrices. Numerical examples are presented to illustrate the utility of the proposed method.
Introduction
The aging of today's civil infrastructure, as well as the increased use of military and commercial aircraft beyond their original life expectancy, has pushed the discipline of structural health monitoring to the forefront of structures technology. Crack detection, growth models, and mitigation are all problems receiving a considerable amount of attention, as well as the problems of structural integrity determination, non-destructive testing and evaluation, and on-site inspections. Among a plethora of methods proposed so far, model-based methods for identifying the onset, location, and level of damage in a structure have been most widely adopted. A comprehensive review of this body of literature has recently been compiled 1 . The prevailing model-based damage detection and/or health monitoring methods are based either on the changes in vibration responses or changes in the identified global stiffness or flexibility properties. It was shown in [2] [3] [4] that the use of substructural system flexibility properties can significantly enhance the prediction of damage location as well as damage levels. This substructural flexibility determination is based on a recently developed structural partitioning procedure intended both for parallel computing as well as inverse problem 5 . While the substructure-based damage location detection method mentioned above is useful for offline damage assessment by processing modal test data, the resulting procedure is unwieldy for on-line health monitoring purposes as the method still requires processing of the entire input-output data set for global system identification.
It should be noted that damage in the system impacts both poles and zeros of the system frequency response functions (FRF). While changes in poles have been extensively investigated for damage detection purposes, the properties of the system transmission zeros have not been fully utilized for their full potential in identifying damages. Afolabi 6 appears to be among the first who investigated the properties of transmission zeros of individual global receptance functions for simple spring-mass systems. As we shall show, however, changes in zeros of the global system transfer functions can lead to erroneous damage predictions except for restrictive pathological cases. This paper presents a damage detection method that utilizes the elemental or substructural transmission zeros. It will be shown that the resulting elemental transmission zeros remain invariant when damage has occurred in that element.
Properties of Global Transmission Zeros
The linear equations of motion for a structure and typical sensors and actuators for vibration testing can be expressed as
where M g , D g and K g are the mass, damping and stiffness matrices; u g is the displacement; f g is the applied force; _ (1) denotes time differentiation; B is the excitation location operator; C (0;1;2) are the sensor placement Boolean matrices; and y g is the measurement output vector, respectively.
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It should be noted that, in a typical vibration test setting, it is not practical to excite all the modes, nor place a sufficient number of sensors. Nevertheless, for the clarity of our discussions, we will assume that the entire displacement vector is measured and B g is an identity matrix whose size is the same as u. This allows us to express the output y g in the Laplace domain, with _ u(0) = u(0) = 0 and C g = C 0 , as y g (s) = H g (s)f g (s)
Note that matrix entry H(i; j) can be expressed 7 in terms of the cofactor of The node-by-node zero invariance property, however, does not accurately predict damage for general structures, except for elements at a fixed boundary. First, structural failures occur in an element-by-element manner and very rarely coincide with an isolated node. Second, for continuum and truss-like structures, a nodal stiffness is made up of contributions from several elements that are connected to that node. This has motivated us to develop a damage detection method based on an element-by-element zero invariance property. To this end, we offer a review of the structural partitioning procedure that forms the basis both for inverse algorithms and for the partitioned solution of structural problems on parallel computers.
Dynamic Substructural Flexibility Theory
What follows below is an excerpt from the variational formulation of partitioned structural system equations 3 . This formulation reveals the relation between the global equations of motion and the partitioned equations of motion. In other words, one relates the global frequency response function H g (s) to that of partitioned elemental structures. To this end, we begin with the global form of the energy functional of a structural dynamic system:
where
where the substructural or elemental stiffness matrix K is the block diagonal collection of disassembled stiffness matrices K g , and L represents the Boolean assembly operator.
A general partitioned flexibility method 5 is used to transform the global structure into its substructural form. The partitioned substructures or elements are subject to the applied forces over the element, plus the Lagrange multipliers acting along the partition boundary. In order to maintain the kinematic compatibility along the boundary, the substructural displacement vector u must satisfy the following relation:
where u is defined in terms of the global displacement u g . u = Lu g (9)
The corresponding force vector conjugate to the displacement is defined as
By introducing a vector of Lagrange multipliers b to enforce the kinematic compatibility condition (8), combined with equations (9) and (10), equation (6) The equations of motion for the partitioned structures comes from the stationary value of the energy functional in (13).
The frequency-domain representation can be determined from equation (14) as
where the barred terms are functions of frequency. From this equation, the system FRFs can be determined.
The substructural FRFs H(!) can also be obtained directly from the global FRFs H g (!) by applying the localization transformation directly to the global FRF expression.
Equation (16) highlights the substructural properties of the FRFs, while equation (17), equivalent by the invariance property of input/output relations, shows the dependence on the global dynamics of the system. Equation (16) also shows that although the FRF is in a substructural or localized form, it still retains the coupling due to the global nature of the assembled structure.
The substructural FRF of the form of equation (17) is not quite the form we are interested in, however. We wish to make one more transformation to another substructural basis, where the localized degrees of freedom represent the axial or bending strain in each element, depending on the geometry of the problem. This transformation can be done either during the derivation, as in equation (13) 
The resulting strain degrees of freedom T = [ 1 2 ] are the bending strains at the two Gauss points. The strain-basis substructural FRFs as in equation (16) 
It will now be shown that the use of the strain-basis frequency response function given by (19) can provide element-by-element transmission zeros for assessing damages. We now illustrate via examples the effectiveness of the present damage detection capability using the transmission zero invariance property of the partitioned dynamic flexibility matrix.
Damage Detection Based on Transmission Zeros of Partitioned Flexibility

Illustrative Examples
The objective of our damage detection scheme is to uniquely determine the damage location in a structure by tracking the transmission zeros (TZ) of H e . To illustrate the equations in the previous sections, we present two examples. The first is a simple spring-mass system where the full transfer function matrix (TFM) can be calculated analytically. The second example is an eight beam element indeterminant structure where the transmission zeros are calculated numerically.
The first example, pictured in Figure 1 , is the one used by Afolabi 6 . He presents a global method for damage detection based on changes in receptance, and illustrates this for a simple example. In his paper he considers changes in both spring stiffness and mass as sources of damage, whereas we consider only stiffness changes. From this system, the analytical global mass and stiffness matrices are given as 3 , then the zeros in every individual FRF will change. This is easily seen in Figure 2 , which contains FRF plots of the collocated input/output pairs at nodes two and three for the undamaged case and for damage situated in spring 2. Clearly the zeros in each plot change between undamaged and damaged cases, because each FRF is a function of the stiffness of the second spring. If the zeros of only one collocated FRF were being monitored, it would be impossible via this procedure to determine which spring contained the damage. This highlights the problems associated with using the nodeby-node system zeros. For this reason we wish to utilize the TZ properties of the localized transfer function H . The localized transfer function H can most easily be obtained directly from H g by equation (21). In localized form, this example structure has one degree of freedom per element, which is the strain in each spring. H can be described in a similar fashion to (24). H above shows that the first row and column is not a function of k 1 , the second row (column) is not a function of k 2 , and the third row (column) is not a function of k 3 . Therefore, in localized form, each collocated FRF is independent of its corresponding spring, and the zeros of each FRF will not change if damage occurs in that element. While it is possible to use the noncollocated FRFs to locate damage, it is best to use the collocated entries. If non-collocated input/output pairs are used, it is unclear which element is damaged -that corresponding to the input or that corresponding to the output. The element-by-element, collocated, localized FRFs provide an unequivocal method for determination of the damage location. The zeros of one collocated FRF will be stationary, while the zeros of every other collocated FRF will change. This is clear from Figure  3 , which shows the localized collocated FRFs for the nominal case and for damage in the second spring.
The second example presented is an indeterminant eight-element simplification of an engine mount structure (Figure 4) . Each beam element has three degrees of freedom per node. The global structure has 12 degrees of freedom, while the substructural model has twentyfour, corresponding to two bending strains at the Gauss points and the longitudinal strain, measured at the element mid-point, for each localized element. The damage case we consider here has damage located in element five. Using the size and complexity of the previous example as a ruler, it is easy to see that more realistic problems are prohibitively large to compute and present in analytical form. In fact, while it is possible to calculate the global and local TFM analytically, it is virtually impossible to calculate the transmission zeros analytically. For this reason, the transmission zeros for this example are calculated numerically in Matlab.
In the global case, it is unclear which nodes should be used to identify the damage correctly. For the undamaged case, and for damage located in element 5, we present the transmission zeros of two representative global transfer functions: all inputs to all outputs at node B, and all inputs to all outputs at node D (assuming that all inputs and outputs are available for use). These results are presented in Table 1 in numerical form. Figure  5 presents the same information graphically. Each bar represents a damaged TZ value normalized by its nominal value, plotted against the nominal value. A value of 1:0 represents invariance of the zero.
The transmission zeros of both of these cases vary with the damage, as they would vary for damage in other elements due to the flexibility coupling of the global structure. Note that the transmission zeros of the transfer function which includes sensors and actuators at nodes B and D together are invariant for this damage case. This is due to the cofactor matrix cof K g (j; i) for this transfer function, which deletes all of the nodal degrees of freedom which include the stiffness of element 5. However, the TZ for this transfer function are also invariant in the case of damage in element 3, or in element 8, because the cofactor matrix is independent of the stiffness in these two elements as well. Therefore, invariance of the transmission zeros for this transfer function does not give a unique solution to the damage location.
In localized form, we can examine the transmission zeros from element-by-element transfer functions. Representative transmission zero sets are calculated for elements 4 and 5, and presented in Table 2 and in Figure  6 . The transmission zeros from local inputs to outputs at element 4 clearly vary with damage, while all of the transmission zeros from local sensors to actuators at element 5 are stationary. Monitoring of only the localized transfer function at element 5 is sufficient to uniquely identify the damage location.
Discussion
A method for structural health monitoring based on invariance of the transmission zeros of a localized dynamic flexibility matrix is presented. The mathematical localization procedure is based on a flexibility substructuring method which results in partitioning the global system dynamics in terms of localized variables. It is shown that the transmission zeros of the localized transfer function remain invariant regardless of corresponding elemental stiffness changes. The transmission zeros of the comparable global form are shown to be invariant only for elements on a fixed boundary, and therefore are not generally useful for health monitoring in this manner.
In order for this method of structural damage detection to be used in a practical manner, there are many issues which must be addressed. First, the sensitivities of the zeros to damage in undamaged elements must be investigated. Second, the present method needs to be extended to multiple damages. Third, the applicability of health monitoring of multiply-connected or continuum structures in this manner must also be investigated.
Finally, the localized form assumes that local inputs at all degrees of freedom are available by transforming a limited global forcing input. An investigation into the localized controllability of the structure in question would be required.
Perhaps the most important issue which must be studied is identification of the transmission zeros themselves. System realization methods that capture localized zeros accurately would render the proposed method attractive for practical applications. 
